In a recent paper ͓Phys. Rev. Lett. 88, 163202 ͑2002͔͒ we established the threshold behavior of the cross section of positron-atom annihilation into two ␥ quanta near the positronium ͑Ps͒-formation threshold. Here, the near-threshold behavior of the positron 3␥ annihilation cross section and its relation to the ortho-Psformation cross section are determined. We also analyze the feasibility of observing these effects by examining the effect of the finite-energy resolution of a positron beam on the threshold behavior. DOI: 10.1103/PhysRevA.66.064704 PACS number͑s͒: 34.85.ϩx, 36.10.Dr, 78.70.Bj, 03.65.Nk Threshold phenomena and threshold laws occupy a special place in atomic, nuclear, and particle physics. In general, they provide an analytical description of cross sections in a near-threshold energy range in many problems ͓1͔ which can otherwise only be treated numerically.
Threshold phenomena and threshold laws occupy a special place in atomic, nuclear, and particle physics. In general, they provide an analytical description of cross sections in a near-threshold energy range in many problems ͓1͔ which can otherwise only be treated numerically.
In a previous paper ͓2͔, we examined the behavior of the two-photon positron annihilation rate near the positronium ͑Ps͒ formation threshold in positron-atom collisions. The threshold energy is equal to the ionization potential I less than the ground-state Ps binding energy ͉E 1s ͉ϭ6.8 eV, thr ϭIϪ͉E 1s ͉. It was found that as the positron energy approaches the Ps-formation threshold, the annihilation cross section exhibits a characteristic growth 2␥ ϰ( thr Ϫ) Ϫ1/2 . This increase is related to the contribution of virtual parapositronium (p-Ps͒ to the two-photon annihilation. When the finite lifetime of p-Ps was taken into account the nearthreshold onset two-photon annihilation cross section was found to be equal to the p-Ps formation cross section.
In this paper we investigate the feasibility of experimental verification of these predictions. Such measurements have become possible due to a recent development of a cold positron beam tunable over a wide energy range ͓3͔. This tool has already provided new data on positron scattering from atoms and molecules ͓4͔ and unique information on the role of vibrations in positron-molecule annihilation ͓5͔. However, if this threshold behavior is to be detected experimentally then the finite-energy width of the positron beam (ϳ20 meV) must be taken into account. This energy spread makes the threshold behavior difficult to detect. At Ͻ thr , the high-energy ''tail'' of the positron-energy distribution will overlap the Ps-formation threshold, thus causing the annihilation signal to be swamped by annihilation of ''real'' Ps.
Annihilation into two ␥ quanta takes place when the total spin of the electron-positron pair is zero, Sϭ0. In the opposite case, Sϭ1, the pair annihilates into three ␥ quanta ͓6͔. In positron-atom collisions with unpolarized particles the rate of 3␥ annihilation is about 400 times smaller than that of 2␥ annihilation ͓7͔, and it is usually neglected at Ͻ thr . However, at higher energies Ps formation followed by its eventual annihilation becomes the dominant annihilation mechanism. When Ps is formed in positron-atom collisions, the spins of the positron and electron combine statistically, which means that the probability of forming p-Ps (Sϭ0) is 1 4 , and that of orthopositronium (o-Ps, Sϭ1) is 3 4 .
As a result, above the Ps-formation threshold 3␥ annihilation takes over the 2␥ annihilation. Therefore, to account for the effect of the tail of the positron-energy distribution we first need to examine the threshold behavior of the 3␥ annihilation cross section.
Both the two-and three-photon annihilation cross sections are proportional to the density of the positron at each of the target electrons ͓6͔,
͑1͒
where ⌿(r 1 , . . . ,r N ,r) is the full (Nϩ1)-particle wave function of the N electron coordinates r i and positron coordinate r. The wave function is normalized to a positron plane wave at large distances,
where ⌽ 0 (r 1 , . . . ,r N ) is the target ground-state wave function, and k is the incident positron wave number. In this case Z eff is a dimensionless quantity called the effective number of electrons ͓8͔.
In terms of Z eff , the two-photon and three-photon annihilation cross sections for positrons on a multielectronic target are ͑cf. ͓7͔͒
where ␣ϭe 2 /បcϷ1/137, r 0 ϭe 2 /mc 2 is the classical electron radius, and v is the positron velocity. In what follows we use atomic units (បϭmϭ͉e͉ϭ1), so that, e.g., vϭk.
Equation ͑1͒ does not contain the spin variables of the particles explicitly, since we assume that the directions of the electron and positron spins in the annihilating pair are random. Alternatively, one needs to insert a projection operator for the total spin of an electron-positron pair,
, where s i and s are the electron-and positron-spin operators, into Eq. ͑1͒. This procedure will yield the effective number of electron-positron pairs with a given total spin Z eff (S) . It must then be used in Eq. ͑2͒ for S ϭ0, or Eq. ͑3͒ for Sϭ1, with additional factors of 4 and 4/3 inserted on the right-hand side, respectively. Of course, averaging over the spin of the incident positron yields ͗P S ͘ ϭ 1 2 Ϫ(Ϫ1) S 1 4 , followed by Z eff (0) ϭZ eff /4 and Z eff (1) ϭ3Z eff /4, thereby recovering the original formulas ͑1͒-͑3͒.
The derivation of a threshold law for the three-photon annihilation is similar to that of the two-photon annihilation ͓2͔. However, in this paper we present an alternative derivation which makes full use of the coordinate form of the wave function near the Ps-formation threshold. When the positron is outside the target, it is given by
where the second term corresponds to the outgoing Ps formed by the positron and one of the electrons. Here, ⌽ i is the wave function of the target ion left after the removal of the ith electron, Â is the electron antisymmetrization operator, f and f Ps are the elastic scattering and Ps-formation amplitudes, respectively. In the Ps term, Rϭ(r i ϩr)/2 is the Ps center of mass, ϭr i Ϫr is the internal Ps coordinate, 1s ()ϭ(8)
exp(Ϫ2) is the Ps ground state wave function.
In Eq. ͑4͒, K is the Ps momentum given by energy conservation,
as Kϭͱ2M (Ϫ thr ), where M ϭ2 a.u. is the Ps mass. Below threshold, Ͻ thr , the Ps momentum is imaginary, K ϭi͉K͉ϭi2ͱ thr Ϫ, and the corresponding term in the wave function ͑4͒ decays exponentially. Close to threshold when ͉K͉ is small, the exponent e Ϫ͉K͉R extends over a large range of distances Rϳ͉K͉ Ϫ1 ӷ1. The contribution of the Psformation term becomes dominant in Z eff ,
In accord with the general threshold law theory ͓9͔, the Ps formation at threshold is dominated by the Ps s wave, and the amplitude f Ps remains finite and does not depend on the Ps angle of emission. After an elementary integration one obtains,
which means that both 2␥ and 3␥ display a characteristic ( thr Ϫ) Ϫ1/2 increase towards the threshold ͓2͔. However, Eq. ͑7͒ makes an unphysical prediction that the annihilation cross sections are infinite in the limit → thr . It is also clear that the above approach cannot be applied to calculate the annihilation rate above the Ps-formation threshold, where real Ps formation is the dominant annihilation mechanism. There the momentum K is real and the integral analogous to that in Eq. ͑6͒ diverges as ͐dR.
Both defects are remedied when a finite lifetime of Ps is taken into account ͓2͔. This lifetime is reciprocal to the energy width ⌫ of the Ps atom, which means that the Ps energy acquires a small imaginary part
The widths of p-Ps and o-Ps are determined by the rates of 2␥ and 3␥ annihilation of Sϭ0 and Sϭ1 states, respectively ͓6͔,
As a result, the Ps momentum now always has an imaginary part ͓10͔, Over a narrow energy range ͉⌬͉ϳ⌫ the real and imaginary parts of K are comparable. This range corresponds to the uncertainty in the position of the threshold introduced by the finite Ps lifetime. Beyond that (͉⌬͉ӷ⌫) the real part of K dominates above threshold, while below threshold, K is almost purely imaginary.
Due to a positive KЉ, the Ps part of the wave function ͑4͒ decreases with distance as exp(ϪKЉR). Below threshold this drop is a consequence of the Ps being virtual, while above threshold the loss of the positron flux is due to annihilation of Ps. Indeed, the Ps density is proportional to exp(Ϫ2KЉR) ϭexp(Ϫ⌫R/V), where VϭKЈ/M above threshold is the Ps velocity, and R/V is the time it takes the Ps to reach R. Most importantly, this behavior ensures that the Ps contribution to the integral ͑1͒ is now always finite,
the last integral being over the Ps angles of emission. Close to threshold where the Ps is mostly in the s wave,
Using Eqs. ͑2͒, ͑3͒, ͑12͒, and ͑14͒ we immediately obtain expressions for the annihilation cross sections which are valid throughout the near-threshold region,
The first of these is identical to Eq. ͑21͒ of Ref. ͓2͔, except we used a different amplitude, A Ps ϭϪ f Ps . At energies below threshold and outside the narrow positron-energy-width range, ͉⌬͉ӷ⌫ ͑whose size is different for 2␥ and 3␥ annihilation͒ one has
with a characteristic ( thr Ϫ) Ϫ1/2 rise towards threshold. Above threshold at ͉⌬͉ӷ⌫, Eqs. ͑16͒ and ͑17͒ become
These cross sections are equal to 1 4 and 3 4 of the total Psformation cross section,
which follows from wave function ͑4͒, given the fact that f Ps ϭconst near the threshold. Therefore, Eqs. ͑20͒ and ͑21͒ represent the cross sections for the formation of p-Ps and o-Ps, which subsequently decay into 2␥ and 3␥, respectively. This means that because of the finite Ps lifetime, there is no real distinction between positron-atom annihilation near threshold and Ps formation. From this point of view the equations derived are the particular cases of the problem of a threshold law for creation of an unstable particle considered in Ref.
͓11͔.
Of course, positrons can also annihilate with one of the electrons while they are at the target. This is the main annihilation mechanism when the positron energy is far below the threshold. Unlike the Ps contributions considered above, annihilation at the target remains constant as the positron energy approaches the threshold, and its relative role becomes very small above threshold where Ps formation is the main annihilation mechanism.
It is clear that below threshold as well as at ⌬ϭ0, the 2␥ annihilation cross section is much greater than 3␥ , whereas above the threshold the probability of 3␥ annihilation is three times that of 2␥. This behavior is illustrated in Fig. 1 .
In order to detect the threshold behavior of the annihilation cross section experimentally it is important to consider how the energy distribution of the positron beam will affect the threshold behavior. The true energy distribution of the positron beam is not very well known ͓12͔. In this work we approximate it by a Gaussian distribution of the form,
where ⑀ is the center of the distribution and ␦ is the energy width parameter related to the full width at half maximum by
To derive the positron annihilation signal, Eqs. ͑16͒ and ͑17͒ must now be averaged over the distribution,
͑24͒
By neglecting the 3␥ cross section below threshold, Eq. ͑21͒ which describes o-Ps formation can then be convolved with the Gaussian to give,
where D Ϫ3/2 is the parabolic cylinder function ͓13͔. For the 2␥ cross section, Eq. ͑16͒ must be convolved with the Gaussian numerically. Apart from the constant contribution of the annihilation at the target, the annihilation signal near the Ps-formation threshold is proportional to the squared Ps-formation amplitude. To put our results on an absolute scale we shall use an estimate of the Ps-formation amplitude for Xe, ͉ f Ps ͉ ϭ1.78 a.u., inferred from many-body theory calculations ͓14͔. This value is compatible with the result of coupled static calculations of Ps formation for Xe ͓15͔. Among the FIG. 1. Two-photon and three-photon annihilation cross sections. The solid curve represents 2␥ of Eq. ͑16͒, and the chain curve is 3␥ of ͑17͒. The cross sections are calculated using ͉ f Ps ͉ ϭ1.78, an estimate of the Ps formation amplitude for Xe.
noble gases Xe has the largest Ps-formation cross section ͑see, e.g., Ref. ͓16͔͒, and its s-wave Ps-formation amplitude is an order of magnitude greater than that for hydrogen ͓2,17͔.
The results obtained by adding 3␥ from Eq. ͑25͒ to 2␥ calculated numerically from Eqs. ͑16͒, ͑23͒, and ͑24͒, are shown in Fig. 2 . The results are given in terms of the quantity Z eff , as used in experiments, via the relation Z eff ϭ a /͓r 0 2 (c/v)͔, where a ϭ 2␥ ϩ 3␥ is the annihilation cross section.
The cross sections in Fig. 2 correspond to ␦ FWHM ϭ20, 59, and 139 meV. Presently, positron beams with an energy resolution of about 20 meV are available. As is clear from the figure, a major increase in beam resolution will be needed in order to see the near-threshold enhancement predicted by Eq. ͑18͒. However, if the energy distribution of the beam is accurately known it may be possible to measure the near-threshold annihilation in order to extract the value of ͉ f Ps ͉. Alternatively, one may use the known shape of the annihilation cross section near threshold, Eqs. ͑16͒ and ͑17͒, to analyze the positron energy distribution in the beam.
In conclusion, the behavior of the 3␥ annihilation cross section has been determined near the Ps-formation threshold. It is equal to the o-Ps-formation cross section in the threshold region. Using these results together with previous results obtained for the 2␥ annihilation cross section we have modeled the effect of a finite energy width on threshold behavior. We have found that detecting the threshold behavior of the positron annihilation cross section experimentally will be very challenging.
The method we used to derive the annihilation cross section is based on the standard expression for the annihilation parameter Z eff , Eq. ͑1͒. It is applicable at all positron energies including those above threshold, where annihilation is dominated by positronium formation. This also allows one to calculate the annihilation cross section precisely for targets with IϽ6.8 eV, where Ps formation is open at all energies.
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